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Abstract— This work analyzes the dynamical behavior of harvesting in a discrete fractional order prey - predator model. Utilizing a
discretization process to the fractional order model, we obtain its discrete version. Existence of fixed points is established and a detailed
analysis of the stability of fixed points is carried out with the linearization process and the impact of harvesting on the ecosystem is
discussed. To verify the analytical results, numerical evidence for different sets of biologically feasible parameter values is provided. Time
series, phase portrait and bifurcation diagrams are plotted to study the stability of the model. Analysis of sensitivity to the initial
conditions of the system is also performed.
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1. INTRODUCTION

Prey - predator model is one of the basic relationships between different species in an ecosystem. In order to interpret the
phenomena in nature and provide a guide to analyze, various types of predator-prey models are described by systems described
by differential equations, difference equations, partial differential equations and stochastic differential equations. Both
mathematical modeling and simulation of the ecological systems have received a great deal of attention in the last few decades
[3, 6]. Many mathematical models [1, 5, 7] have been constructed based on more realistic biological assumptions.

2. MODEL DESCRIPTION

Consider the prey-predator system with constant effort harvesting which is described by the following fractional differential
equations

Do) = m@)(i-x®) - ZOYO _ v
1+ X(t) (1)
Doy =N gy
1+ x(t)

where x(t) and y(t) represent the density of the prey and predator at time t respectively. The parameter m measures the
effort being spent by a harvesting agency and all the parameters r,b,c,d are positive and o is the fractional order such that
o € (0,1]. Here the prey is continuously being harvested at a linear function rate by a harvesting agency. The harvesting activity

does not affect the predator population directly. It is obvious that the harvesting activity does reduce the predator population
indirectly by reducing the availability of the prey to the predator.

The fixed points of the system (1) are : r—m
+ Trivial point F;=(0,0)  Axial point F, :( ,O\
* Interior point F (x,y") :T d \ /
\
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Now, applying the discretization process [2], the discrete version of the fractional order prey- predator system (1) is:
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3. MATHEMATICAL ANALYSIS OF THE SYSTEM

This section investigates the dynamics of the discretized fractional - order prey - predator model described by (2) . The system
matrix of the model (2) evaluated a fixed point (x*,y") is

[ s «—  hy" _m)l - s¢ ( bX**) —‘

| 1+ r-2rx  (A+x)? al(a)' (1+x5)
I, YY) _| aF(Ot)L ) N X ) ’ 3)
s oy’ ) s¢ (X ) |'
* 2 | 1+ | . —d |
al(a)( (1+x) ) ar(@\ @+x) /]
Theorem 1. If 0<s< u/w and 0<s<g /M then Fo is stable. If s>¢ 2al(@) and s>¢ 200() then F,is
r—m —d \ r—m ™ —d
unstable.
[ s ]
I+ —(r-m) 0
Proof: The system matrix at Fo is given by J(F,) = al(a) ,
S(X
| 0 1+ -d) |
| @)
o Sa
The eigenvalues are A, =1+ 0m(r—m) and A, =1+ OLm{—d).

Hence the fixed point F, is stable when 0<s< a/w and 0<s<g /ZaLd(a) . Then Fy is unstable if s> #M and
r—m - r—-m
S > U,IZCXL(E(X) .
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s> then F; is unstable.
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Proof: The system matrix at F jg J(FP =
1

[
i
|

\
i L 5 (r(c—2d)+m(d—c)\‘_ :
The eigenvalues are A, =1+ (m-r) and %,=1+ 2r—m
al(a) o (@) )

4r —2m)ol (o
Hence the fixed point F; is stable when O<s<aw and 0<s<u ( Jol () ,
\] m-r \Jr(c—2d)+m(d —c)
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4r —2m)al”
Then F is unstable if stM and s > ( Jo (o) |
m-—r \Ir(c-2d)+m(d —c)

Theroem 3. The positive fixed point (x",y") of the prey - predator system (2) is stable if and only if

( 2
<ot () () s
1

S

Proof. The system matrix evaluated at the fixed point F, has the form

s* (bd ﬂ

1
| +W(B) k )|
( A
J(F,) = l \ ’
|T(—y 0
oo . dU
where o = Fd(bed —2¢? —bd?) + md(2d? —3cd +d?) and 5 - Cler —cm+dm—2dr]
P (c—d)(c? +d? —2cd +d?) - b(c—d)>2

The trace and determinant of the matrix J(F.) are given by

s¢ (s \2'/ ¢(3) W bd
TrI(F2) =1+ (B)and Detd (F,) = || *L )
al(a) Lar (oc)) Hl+ a \|

N ) )
According to the Jury conditions[4], we must have that P(1) >0 holds if and only if r >0 .
(
((XF a ‘7 o 2 c(d
L S( )l2+( 5 I ) (
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Similarly P(-1)>0 and DetF,<1 holds if and only if B<

(ar@)Y ]
L

aacap |
— ZJ

respectively.
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4, NUMERICAL ILLUSTRATION

For the values oo =0.9,r =1.29,b=1.9,¢=1.7,d =0.3,5s=0.1 and m = 0.09 with initial conditions x(0) = 0.4, y(0) = 0.5, eigen
values are A1, =0.9957 £i0.0656. Hence | A1 |=0.9978 <1satisfied the stability criteria so that the interior fixed point F, is
stable at (0.2143,0.5902) . The orbit and the phase diagram illustrate the result, see figure - 1.

0.8
—Prey 0.8r
— Predator
0.7H 075l
0.6 0.7+
05 50'65>
0.4 & 0.6k
03¢ 055}
0.2 0.5
01 Il 1 1 1 I} 048 L 1 1 1 L L 1 ]
0 200 400 600 800 1000 1 015 02 025 03 035 04 045 05

t Prey

Figure 1: Stable focus of time series and phase portrait for interior fixed point F,

5. BIFURCATIONS AND SENSITIVE ANALYSIS

The dynamic nature of the system (2) is discussed in this section. Bifurcation diagrams provide information about abrupt

changes in the dynamical behavior of the system . The parametric values at which these changes occur are called bifurcation
points. They provide information that the dependence of the dynamics on a certain parameter values. Figure 2 shows the
dynamic behavior of the system in the absence of harvesting and figure 3 represents the dynamic changes occuring in the
system in the presence of harvesting.

In figure 2, the bifurcation diagram is plotted for the parameter values b = 0.975,c = 0.714, d = 0.534, h = 0.45 and oo = 0.9 ,
varying r from 3.5 to 6, time plots of the prey population are presented for r = 3.67,4.59,5.10 and r =5.59 respectively. When

r = 4,59, there are period-2 orbits. When r = 5.10 there appear period-4 orbits. At last, the 2" period orbits disappear and the
dynamical behavior moves from non-periodic orbits to the chaotic set with the increasing of r .
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Figure 2: Bifurcation diagram and time plots of the prey population without harvesting

In the presence of harvesting, the bifurcation of prey population for the growth rate r occurs in the range [3.5, 6.5], the
parameter values are b=0.675,c=0.914,d =0.234,h=0.45,a0 =0.85 and m=0.1 , as shown in figure 3(a). Local

magnifications of periodic windows of fig 3(a) are shown in fig [3(b), 3(c) & 3 (d)]. Hence from the period doubling bifurcation
we see that the dynamic behavior of the system changes from stability to chaos, after certain period again it undergoes the
process of stability to chaos.
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14 Prey Population with Harvesting
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Figure 3: Bifurcation diagram and local magnifications of prey population with harvesting
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Sensitive dependence to the initial conditions in the presence and absence of harvesging is shown in figure 4 and figure 5. The
sensitivity to initial conditions is a characteristic of chaos. We take two sets of initial values (x(O), y(O)) and
(x(O) +0.0001, y(O)) respectively. The parameter values are (i) r =5.46,0 =0.975,c =0.714,d =0.534,s =0.45and . =0.9, (ii)

r=>5.64,b=0.975 ¢ =0.714, d = 0.534, s = 0.45,a = 0.9 and m = 0.09 . The changes occurring in the dynamical behavior of
prey population as there is a sensitive change in the initial conditions are plotted in the following figures 4 and 5.
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Figure 4: Sensitive dependence to the initial conditions for prey population with harvesting
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Figure 5: Sensitive dependence to the initial conditions for prey population without harvesting

6. CONCLUSION

The dynamical behavior of harvesting in a discrete fractional order prey - predator model has been analyzed. Applying a

discretization process to the fractional order model, discrete version is obtained. The fixed points are computed and a detailed
analysis on the stability of fixed points is carried out with the linerization process and the impact of harvesting on the ecosystem
is discussed. A numerical example is presented to illustrate the stability occurring in the system. Bifurcation diagrams are
plotted to study the dynamical behavior of the system in the presence/absence of harvesting. The dynamical behavior of the
system is found to be sensitive to the initial conditions.
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